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� �"��!9� ; >�"��! 0! M(M ≥ 2) !���EW!� (���� � ���� ��������� ����	
)8

;�0� �9� �!>0 ��<�� 0! ;�.�;"0�0! ">L>"��� �!K�9 ℵi  ; >K�>� 0! !���EW!�

�"J">6�� 0! ��G �&��4� � 0� !���E7 i8 Mi = |ℵi| ! ℵdesconhecidas
i  ; >K�>� 0! !���EW!�

�"J">6�� ;�K�� ">2 /9�EW!� 0! !�;�4 >�9!>� �7 0!�; >6!;"0��  � 0!�����4"J�0��

0!>�/ 0 ; >K�>� ℵi8 Mdesconhecidas
i =

∣∣ℵdesconhecidas
i

∣∣� � 5 8 ℵconhecidas
i = ℵi j

ℵdesconhecidas
i 8 "�� G8 ℵconhecidas

i G  ; 9.4!9!>��/ � ℵdesconhecidas
i 8 ! M conhecidas

i =∣∣ℵconhecidas
i

∣∣ ?�@�
�!K� xi  �M. !>�! 0! ��/�� (�	 �	< �!�	
�
�) 0� !���E7 i (i = 1, 2, . . . , M)8

 >0! xi ∈ N8 "�� G8 xi G �9 >P9!/ >���/�4 (xi = 0, 1, 2, · · · )� ���"98 Hi = 2xi+4

G  !9. 0! ��/�� 0� !���E7 i ! Vi = 2xi G  
>�!/��4 0! !4!5"<"4"0�0!8  >0!

Hi ∈ N
∗ ! Vi ∈ N

∗8  � �!K�8 Hi ! Vi �7 >P9!/ � >���/�"� >7 >�4 � (Hi = 1, 2, · · · !
Vi = 1, 2, · · · )�

� �!9. 0! ��/�� 0� !���E7 i8 Hi8 ; //!�. >0! � >P9!/ 0! �!59!>� � 0!

; >�/ 4! !9 =�! � !���E7 i 0!�! �5��/0�/ .�/� 0"�.���/ .!4 ./HM"9 �!59!>� 0!

; >�/ 4! !  ">�!/��4 0! !4!5"<"4"0�0!8 Vi8 ; //!�. >0! � >P9!/ 0! �!59!>� � 0!

; >�/ 4! .!4 =��4 � !���E7 i . 0! 0"�.���/�

F�



�!K� Si  >P9!/ 0! �!59!>� � 0! ; >�/ 4! .!4 =��4 � !���E7 i .!/0! � 0"�.���

�>�!� 0! �!>;I&4�8 =�! G �9� ��/":�!4 �4!��H/"� (����)8  >0! Si ∈ N8 "�� G8 Si G �9

>P9!/ >���/�4 (Si = 0, 1, 2, · · · )� �>�7  ">�!/��4 !>�/! ��;!��"���  . /��>"0�0!�

0! �/�>�9"��7 0! 9!>��5!9 0! ; >�/ 4! ���&���� G 0�0 . /1 τi = Hi + Si ?�@�

� / �"9.4";"0�0!8 �9�  . /��>"0�0! 0! �/�>�9"��7 0! 9!>��5!9 0! ; >�/ 4!

���&����8  � �!K�8 �9 �!59!>� 0! ; >�/ 4! .!4 =��4 � !���E7 0"�.�� � ! �!>;!�8

�!/: /!2!/"0 . / �!59!>� 0! /!�!/�� 0� !���E7 ! �9 ">�!/��4 !>�/! ��;!��"� �

�!59!>� � 0! /!�!/�� �!/: /!2!/"0 ; 9 ">�!/��4 0! /!�!/���

� 9 0!4�5!9 ! �>:4"�! 0 !�;�4 >�0 / 0"��/"<�30 > 
��� ������ 9 0 ����

2!"�� . / �"> �� !  ��/ � ?�@ 0!�!/9">� �� 0"��/"<�"EW!� ! ��4 /!� 9G0" � .�/� τi

! 2 />!;! !M./!��W!� .�/�  ">�!/��4 9G0" 0! /!�!/��8 E[τi]8 ! ">�!/��4 9G0" 0!

; >!M7 (F&\�R 6�>0�6�]!)8 E[T AB
handshake]8 .�/� ;!>:/" �"9.4"L;�0 ! ;!>:/" 5!/�48

; 9 �!5�!1

�� 
>�!/��4 9G0" 0! /!�!/��8 E[τi]1

E[τi] = Hi + E[Si], (F��)

• ��/� ;!>:/" �"9.4"L;�0  >0! � 0�� �� !���EW!� �7 �"J">6�� 0! �&��4� 

�9�� 0��  ��/�� !  � !M. !>�!� 0! ��/�� . 0!9 �!/ "5��"�  � 0"2!/!>�!�8

E[Si] G 0�0 . / �"> �� !  ��/ � ?�@1

E[Si] =
M∑

j=1,j �=i,xj≥xi

2xj + E[Si]

2xj+4 + E[Sj]

+

⎛
⎝ M∑

j=1,j �=i,xj<xi

1

⎞
⎠ + 1, i = 1, . . . , M. (F��)

�!��! ;�� 8 >7 !M"��!9 !���EW!� ;�K�� ">2 /9�EW!� 0! !�;�4 >�9!>� 

�!K�9 0!�; >6!;"0��  � 0!�����4"J�0��8 ���"9 Mi = M (i = 1, 2, . . . , M)8

"�� G8 � 0�� �� !���EW!� �I9 � 9!�9� �"J">6�>E�c

• ��/� ;!>:/" 5!/�4  >0!  ; >K�>� 0! !���EW!� >� �"J">6�>E� 0! �&��4� �

(ℵi) 0! 0"2!/!>�!� !���EW!� . 0! �!/ 0"2!/!>�!8 !M"��!9 !���EW!� ;�K�� ">&

2 /9�EW!� 0! !�;�4 >�9!>� �7 0!�; >6!;"0��  � 0!�����4"J�0�� ! !M. &

!>�!� 0! ��/�� . 0!9 �!/ "5��"�  � 0"2!/!>�!�8 E[Si] G 0�0 . / �"> �� 

FC



!  ��/ � ?�@1

E[Si] =

Mconhecidas
i ∑

j=1,j �=i,xj≥xi

2xj + E[Si]

2xj+4 + E[Sj]

+

⎛
⎝ Mconhecidas

i ∑
j=1,j �=i,xj<xi

1

⎞
⎠ + Mdesconhecidas

i + 1, i = 1, . . . , M. (F�F)

�9 9G� 0 /!;�/�"� . 0! �!/ ���0 .�/�  <�!/ E[Si] � .�/�"/ 0�� !=��EW!�

(F��)  � (F�F)�

�� !9. 9G0" 0! /!�!/��8 E[Tτi
]1 .�/� ��R!/ !  ��/ � ?��@  �!9. !>�/! ��&

;!��"� � �!59!>� � 0! /!�!/��8 Tτi
8 2 "  <�"0 4!��>0 !9 ; >�"0!/�E7  ��/ �

.�/O9!�/ � 0! /!0!1

(�)  ����!"��#�� 6υ7= 0�/�E7 0 =��0/ ����c

(<) 	$�!%$��!�&	 6Λ7= >P9!/ 0! �!59!>� � 0!��">�0 � � !>&

�" 0! 9!>��5!>� 0! ; >�/ 4! ���&���� .!/�!>;!>�! � 9!;�>"�9 0!

!�;�4 >�9!>� 0"��/"<�30 c !

(;) $��������#! ����� 6ς7= � =��>�"0�0! 0! =��0/ � =�! ; >�G9 �9

��<=��0/ 0! ; >�/ 4! 0! !�;�4 >�9!>� !>�/! 0 "� =��0/ � =�! ; >�I9

�9 ��<=��0/ 0! ; >�/ 4! 0! /!0!8 !9 9P4�".4 � 0! `�

���"98 Tτi
. 0! �!/  <�"0 . / ?��@1

Tτi
= τi · υ · (ς · 4 + 1)

ς · 4 · Λ . (F�`)

�9<G9 2 " 9 ��/�0 =�! �� !=��EW!� (F��) ! (F�F) �7 "9./!;"��� .�/� /!0!�

!�.�/���8 �9� �!J =�! >7 ; >�"0!/�9  2�� 0! =�!8 �! 6 ��!/ .!4 9!> �

M ≤ 2x+4

2x ��L;"!>�!� �!59!>� � 0! ; >�/ 4! 0"�. >3�!"�8 � 0"�.��� . 0! �!/

>!54"5!>;"�0�� �!��� 2 /9�8 � !=��E7 /!��4��>�! .�/�  ;:4;�4 0 �!9. 

9G0" 0! /!�!/��8 E[Tτi
] G 0�0 . / ��R!/ !  ��/ � ?��@1

E[Tτi
] =

⎧⎨
⎩

(H + 1) · υ·(ς·4+1)
ς·4·Λ .�/� M ≤ 16,

E[τi] · υ·(ς·4+1)
ς·4·Λ .�/� M > 16.

(F�a)

F�



F� 
>�!/��4 9G0" 0! ; >!M7 (G�&�� ��
������)8 E[T AB
handshake]1 0!> ��  ">�!/&

��4 9G0" .�/� �! !���<!4!;!/ �9� ; >!M7 !>�/! �9 0�0 .�/ 0! !���EW!� �

! �8 �!>0 T AB
handshake = tAB + tBA8  >0! tAB G  ">�!/��4 !>�/! � !���E7 �

!>�"�/ �9� /!=�"�"E7 .�/� � ! � /!�. >0!/ ; 9 �9� ; >;!��7 .�/� �8 ! tBA

G  ">�!/��4 !>�/! � !���E7 � !>�"�/ �9� ; >;!��7 .�/� � ! � /!�. >0!/

; 9 �9� ; >L/9�E7 .�/� �� ���"98 0! �; /0 ; 9 �"> �� !  ��/ � ?�@1

E[T AB
handshake] 	 E[eB] + αμA + (1 − α)E[eA], (F��)

 >0! α G �9 2�� / 0! ; 9./ 9"�� !��"9�0 � .�/�"/ 0! /!��4��0 � 0! 0�0 �

�"9�4�0 �8 �!>0 !>; >�/�0 α = E[SA]
μA

; 9 �9� < � !�; 46� .�/�  ;�� 0!

!M. !>�!� 0! ��/�� "5��"� ! α = ( μA

μA+μB
)2 .�/�  ;�� 0! !M. !>�!� 0! ��/�� 

0"2!/!>�!�8 ; 9 μi = E[τi] 0�0 .!4� !=��E7 (F��) ! E[ei] 0�0 . / �"> �� 

!  ��/ � ?�@1

E[ei] =
2xi+3 + 22xi+7 + 2xi+4E[Si] + E[Si]

2

2xi+4 + E[Si]
. (F�C)

� 0!&�! 0!�!/9">�/ E[T AB
handshake] .�/� =��"�=�!/ 0��� !���EW!� �"J">6�� � ! �

���>0 �� !=��EW!� (F��) ! (F�C)�

`� !9. 9G0" 0! ; >!M7 (G�&�� ��
������)8 E[T̃ AB
handshake]1 ; >�"0!/�>0  

">�!/��4 9G0" 0! ; >!M7 !  ��/ � .�/O9!�/ � 0! /!0! �!9&�! =�!  �!9. 

9G0" 0! ; >!M7 G 0�0 . /1

E[T̃ AB
handshake] = E[T AB

handshake] ·
υ · (ς · 4 + 1)

ς · 4 · Λ . (F��)

i "9. /��>�!  <�!/��/ =�! E[Thandshake] ! E[T̃handshake] ; //!�. >0!9 � /!��/0 

0! ; >�/ 4! >� ;�9�0� ���� ��/� ���4"�/  /!��/0 � ��4 0�� 9!>��5!>� G >!;!�&

�:/" ; >6!;!/  9!;�>"�9 0! �4 ;�E7 0 � 9">"&�!59!>� � 0! 0�0 �8  =��4 >7 G

!�.!;"L;�0 > .�0/7 �

FB



��� +�.���� �� (������ ����� ��� ���������

���� �>:4"�! 0!�!>� 4�! � 9 0!4�5!9 ! ���4"�E7 0! 0!�!9.!>6 0! /!0!� 9!&

�/ . 4"��>�� �!9 L 0! <�>0� 4�/5�8 <��!�0�� > .�0/7 
��� ������  .!/�>0 !9

9 0 ���� ; 9 !�;�4 >�9!>� 0"��/"<�30 ;  /0!>�0 � < �9 !�=�!9� 0! 9P4�".4 

�;!�� ; 9 /!�!/�� ;3;4";�8 �"9"4�/ � 0!L>"0 . / ����!6" ?C@� �� �G;>";�� ��"4"J�&

0�� .�/� �!  <�!/  /!��/0 9G0" � ��4 0�� 9!>��5!>� �7 �"9"4�/!� � � 9G� 0 �

!9./!5�0 � . / ����!6" ?C@8 ��<"> ?��@ ! � /�!� ?��@8 ; 9 �!5�!�

����� ����
��� �� ������ � ���������

�!K� M  >P9!/ 0! !���EW!� ; 9 ��<��� 0! ;�.�;"0�0! ">L>"��8 ; 9 0!�;/"� 

�>�!/" /9!>�!� � !"M 0 �!9. G 0"�"0"0 !9 ��;!��"� � .!/3 0 � 0! ��9�>6 LM 8

NQ8 ;6�9�0 � 4����� ����  � �"9.4!�9!>�! ������8 ;�0� �9 ; 9. �� 0! NC

�!59!>� � 0! ; >�/ 4! ! ND 9">"&�!59!>� � 0! 0�0 �8 (NQ = NC +ND)� � 0�/�E7 

0! ;�0� �!59!>� 0! ; >�/ 4! G "5��4 � C (�!�!) �39< 4 � �+�� ! � 0�/�E7 0! ;�0�

9">"&�!59!>� 0! 0�0 � G SMS �39< 4 � �+�� 0! �; /0 ; 9 � 0�/�E7 0 =��0/ 

! .�/O9!�/ � 0! 9 0�4�E7 �+�� 0"�;��"0 � > ;�.3��4 ����

�!L>!&�! �9 �!59!>� 0! �!9. 8 0!> 9">�0 ����'��� 8 ; 9 �!>0 "5��4 �

�9 9">"&�!59!>� 0! 0�0 �c "�� G8 SMS �39< 4 � �+��� � 5 8 �9 �!59!>� 0!

; >�/ 4! G "5��4 � 7
SMS

������ 	��� ���"98 NQ =
[(

7
SMS

· NC

)
+ (SMS · ND)

]
�����

� 	��8  >0! NC G 0�0 .!4 .�/O9!�/ ��=D���=D%:� ! ND ≡ NMS 0!�;/"� �

>� �!E7 0 9 0 0!  .!/�E7 ���� > ;�.3��4 ���� �!K� � 0�/�E7 0! ;�0� �����

� 	� 2!"�� "5��4 � φ �!5�>0 �� �!> ��>0 . / TQ � 0�/�E7 0! �9 =��0/ 8 �!9&�!

TQ = NQφ�

�9 ;�0� !���E7 i8  >P9!/ 0! 9!>��5!>� =�! ;6!5�9 0�/�>�!  n&G�"9 �����

� 	� G /!./!�!>��0 . / An,i� ��/� ;�0� !���E7 i (i = 1, · · · , M)8 G ����9"0 =�!

kAn,i; n ≥ 1l G �9� �!=eI>;"� 0! ��/":�!"� �4!��H/"�� (�����) ">0!.!>0!>�!� ! "0!>�"&

;�9!>�! 0"��/"<�30�� ("�"�0�)� �!K� ν
(j)
i = E[(An,i)

j] 0!> ��/  j&G�"9 9 9!>� 0!

An,i� +�J&�!1

λi = ν
(1)
i = E[An,i],

`�



δ2
i = V ar[An,i] = ν

(2)
i − λ2

i .

� ��M� � ��4 0! ;6!5�0� 0! 9!>��5!>� > �"��!9� G 0�0 . / λ =
∑M

i=1 λi�

��.W!&�! =�! �� 9!>��5!>� �7 ; 9. ���� . / �>"0�0!� LM�� 0! 0�0 � ;6�9�0��

���	���� � �!9. 0! �/�>�9"��7 0! �9 .�; �! G 2!"� "5��4 N 0�/�E7 0! �9 9">"&

�!59!>� 0! 0�0 � (SMS)  � �9 ������ 	�� ���"98 /!./!�!>��>0 . / ϕ−1  >P9!/ 

0! <"�� ; >�"0 � !9 ;�0� .�; �! ! ����9">0 �9 ;�>�4 ; >�"0!/�0 �!9 !// 8 ; 9

��M� 0! �/�>�9"��7 "5��4 � C <"��D�8 �!9&�!1 φ = (ϕC)−1 (!M���9!>�! �9 ������ 	�

.�/� �/�>�9"�"/ �9 .�; �!)�

� >P9!/ 0! ������ 	�� ( � .�; �!�) ��� ;"�0 ; 9 � n&G�"9� 9!>��5!9 0�

!���E7 i G /!./!�!>��0 . / Bn,i� i ����9"0 =�! kBn,i; n ≥ 1l ; >��"��" �9�

�!=eI>;"� 0! ����� "�"�0� .�/� ;�0� i (i = 1, · · · , M)� +�J&�!1

βi(k) = Pr(Bn,i = k); k ≥ 1,

!

β∗
i (z) = E[zBn,i ] =

∞∑
k=1

zkβi(k).

� j&G�"9 9 9!>� 0� 0"��/"<�"E7 βi(k)8 E[(Bn,i)
j ]8 G 0!> ��0 . / b

(j)
i � ����9!&�!

=�! bi = b
(1)
i < ∞, b

(2)
i < ∞�

� >P9!/ 0! 9!>��5!>� 0� !���E7 i8 .�/�  =��4 /!�!/��� �7 2!"��� 0�/�>�!  n&

G�"9 .!/3 0 0! /!�!/�� G /!./!�!>��0 . / Rn,i� � "� ;�� � �7 ; >�"0!/�0 � �=�"�

� ./"9!"/ 8 � 0�� �� 9!>��5!>� =�! ;6!5�9 0!>�/ 0! �9 =��0/ �I9 .!/9"�"0�� �

/!�4"J�E7 0! /!�!/�� > �!5�">�!� �>=��>� =�!8 > �!5�>0 8 > 9:M"9 G .!/9"�"0 

1 9!>��5!9 /!�4"J�/ /!�!/�� > ./HM"9 .!/3 0 �

� >2 /9! �!/: 9 ��/�0 8 {Rn,i; n ≥ 1} "/: ; >��"��"/ �9� �!=eI>;"� 0! ����� "�"�0�

> ./"9!"/ ;�� � ,: .�/�  �!5�>0 ;�� 8 > !>��>� 8 �.!��/ 0! �!/ "0!>�";�9!>�!

0"��/"<�30� > !���0 !���;" >:/" 8 !��� �!=eI>;"� 0! ����� >7 �!/: ">0!.!>0!>�!�

���"98 .�/� �! 2�J!/ �9� 2 /9�4�E7 5!/�4 0 9 0!4 �>�43�"; 0!�!>� 4�"0 >!��!

�/�<�46 8 ����9!&�! =�!8 .�/� ;�0� !���E7 i (i = 1, · · · , M)8 {Rn,i; n ≥ 1} G �9�

�!=eI>;"� 0! ����� "�"�0�8 ! !>�7 !��� 6".H�!�! ; >��"��"/: �9� �./ M"9�E7 .�/�  

�!5�>0 ;�� �

`�



��/� ;�0� !���E7 i (i = 1, · · · , M)8 � �!=eI>;"� {Rn,i; n ≥ 1} ����9"0� G 5 �!/&

>�0� .!4� 0"��/"<�"E7 1

ri(k) = Pr(Rn,i = k); k ≥ 1,

! � 2�>E7 5!/�0 /� 0! 9 9!>� �1

R∗
i (z) = E[zRn,i ] =

∞∑
k=1

zkri(k).

� >P9!/ � ��4 0! 9!>��5!>� .�/�  =��4 /!�!/��� �7 /!�4"J�0�� 0�/�>�!  n&G�"9 

.!/3 0 0! /!�!/�� G !>�7 0�0 . /1

Rn =
M∑
i=1

Rn,i.

���"98 2�J!>0 r(k) = Pr(Rn = k) ! /!./!�!>��>0 . / R∗(z) � 2�>E7 5!/�0 /� 0!

9 9!>� ��� ;"�0�8  <�G9&�!1

r(k) = r1(k) ∗ · · · ∗ rM(k),

!

R∗(z) =
M∏
i=1

R∗
i (z),

 >0! f ∗ g /!./!�!>�� � ; >� 4�E7 0"�;/!�� . �"�"�� 0�� 2�>EW!� f ! g8  � �!K�1

f(k) ∗ g(k) �
k∑

t=0

f(k).g(t− k),

.�/� f(k) = 0 �! k < 0 ! g(k) = 0 �! k > t�

�! �5 /� R̃n,i 0!> ��/  >P9!/ 0! .�; �!�8 0� !���E7 i8 .�/�  =��4 /!�!/���

�7 /!�4"J�0�� 0�/�>�!  n&G�"9 .!/3 0 0! /!�!/��8 �!9&�!1

r̃i(k) = Pr(R̃n,i = k) =

∞∑
j=k

β
(j)
i (k)ri(j), (F�B)

 >0!

β
(j)
i (k) = βi(k) ∗ · · · ∗ βi(k)︸ ︷︷ ︸

j vezes

G � j&G�"9� ; >� 4�E7 0! βi(k) ; 9 !4� 9!�9�8 !

β
(0)
i = δk,0 =

⎧⎨
⎩

1 �! k = 0,

0 ;�� ; >�/:/" �

`�



�>�7 8 /!./!�!>��>0 . / R̃∗
i (z) � 2�>E7 5!/�0 /� 0! 9 9!>� ��� ;"�0� � r̃i(k)8

�!9&�!1

R̃∗
i (z) = R∗

i [β
∗
i (z)]. (F���)

�"9"4�/9!>�!8  >P9!/ � ��4 0! .�; �!� .�/�  =��4 /!�!/��� �7 /!�4"J�0�� > 

n&G�"9 .!/3 0 0! /!�!/�� G 0�0 . /1

R̃n =

M∑
i=1

R̃n,i.

+�J&�!1

r̃(k) = Pr(R̃n = k),

;�K� 2�>E7 5!/�0 /� 0! 9 9!>� G 0�0 . /1

R̃∗(z) =
M∏
i=1

R̃∗
i (z) =

M∏
i=1

R∗
i [β

∗
i (z)]. (F���)

�� j&G�"9 � 9 9!>� � 0! Rn,i ! R̃n,i �7 /!./!�!>��0 � . / E[Rj
i ] ! E[R̃j

i ]8 /!�.!;�"&

��9!>�!� ���"98 � .�/�"/ 0� !=��E7 (F���)1

E[R̃i] = E[Ri]bi, (F���)

!

V ar[R̃i] = E[R̃2
i ] −

[
E[R̃i]

]2

= V ar[Ri]b
2
i + E[Ri]V ar[Bi]. (F��F)

�>�7 8 � .�/�"/ 0�� 0!L>"EW!� �>�!/" /!�8 ; 9 ./ <�<"4"0�0! ri(0) >!>6�9� /!&

�!/�� �!/: /!�4"J�0� .!4� !���E7 i 0!>�/ 0! �9 0�0 .!/3 0 0! /!�!/��c � ./ <�&

<"4"0�0! 0! =�!  >P9!/ 0! /!�!/��� 0� !���E7 i �!K� 2!"� 0!>�/ 0! �9 .!/3 0 

0! /!�!/�� G !>�7 0�0 . / 1 − ri(0)� �"9"4�/9!>�!8 1 − r(0) 0: � ./ <�<"4"0�0!

0! =�! �9 >P9!/ 0! /!�!/��� (0! =��4=�!/ 0�� !���EW!�) �!K� 2!"�� 0!>�/ 0! �9

0�0 .!/3 0 0! /!�!/��� �6�9�&�! ��4 ; >K�>� 0! /!�!/��� 0! �9 ����	� ���"98

 ./ ;!�� /!./!�!>��>0 � ;6!5�0� 0! /!�!/��� 0� !���E7 i . 0! �!/ 0!�;/"� . /

{(En,i, Γn,i); n ≥ 1}8  >0! En,i G  ">���>�! ("�� G8 3>0";! 0 .!/3 0 0! /!�!/��) 0!

;6!5�0� 0 n&G�"9 5/�. ! Γn,i G  ��9�>6 0 5/�. (!9 >P9!/ 0! 9!>��5!>�)

.�/�  n&G�"9 5/�. � �!L>">0 1

Tn,i = En+1,i − En,i; n ≥ 1,

`F



; 9 "�� 8 .�/� ;�0� !���E7 i (i = 1, · · · , M)8 �!9&�!1

Pr(Tn,i = kTτi
) = [1 − ri(0)]ri(0)k−1; k ≥ 1. (F��`)

�>�7 8  .!/3 0 9G0" !>�/! ;6!5�0�� 0! /!�!/��� 0� !���E7 i G 0�0 . /1

E[Ti] = E[Tτi
][1 − ri(0)]−1. (F��a)

��/� ;�0� !���E7 i (i = 1, · · · , M)8 {Γn,i; n ≥ 1} G �9� �!=eI>;"� 0! ����� "�"�0�

�!>0 0"��/"<�"E7 1

gi(k) = Pr(Γn,i = k) =
ri(k)

1 − ri(0)
; k ≥ 1,

;�K� 9G0"� G 0�0� . / γi = E[Γn,i] = E[Ri][1 − ri(0)]−1� �4G9 0"�� 8 �!K� Γ̃n,i

0!> ��/  >P9!/ 0! .�; �!� ; >�"0 � > n&G�"9 5/�. � ���"91

g̃i(k) = Pr(Γ̃n,i = k) =
r̃i(k)

1 − ri(0)
; k ≥ 1,

! γ̃i = E[Γ̃n,i] = E[R̃i][1 − ri(0)]−1�

�� 0!L>"EW!� �;"9� . 0!9 �!/ 5!>!/�4"J�0�� .�/� ; >��<"4"J�/ � ��.!/. �"E7 

0�� M !���EW!�� ��/� �! /!2!/"/ N ;6!5�0� 0! /!�!/��� .�/� � ��.!/. �"E7 0! � 0��

�� !���EW!�8 ���&�! En .�/� 0!> ��/  ">���>�! 0! ;6!5�0� ("�� G8 3>0";! 0 .!/3 0 

0! /!�!/��) 0 n&G�"9 ��.!/5/�. �8 ! Γn .�/� /!./!�!>��/  ��9�>6 (!9 >P9!/ 

0! 9!>��5!>�) 0 n&G�"9 ��.!/5/�. � �>�7 1

Pr(Tn = En+1 − En = kTτi
) = [1 − r(0)]r(0)k−1; k ≥ 1,

!

E[Tn] = E[Tτi
][1 − r(0)]−1. (F���)

� �! =�! r(0) =
∏M

i=1 ri(0)� �"9"4�/9!>�!1

g(k) = Pr(Γn = k) =
r(k)

1 − r(0)
; k ≥ 1,

!

g̃(k) = Pr(Γ̃n = k) =
r̃(k)

1 − r(0)
; k ≥ 1.

�-����(� ����
���� �� ��	.�	�� �� ������� � ������ �� ���� � ����/�� ��� �� �����0���

.�	�� ��	��� �� �� ���� ���*��� �� ������' 1�(� ��� ���� ����	
��� �� �� ��	.�	�� �� ������

�����0��� ��	��� �� �� ���*��� �� ������ ��� ��� ���� ������� ��� ��� ������� �� 
����'

``



�>�7 8 �!9&�!1

γ = E[Γn] = E[R][1 − r(0)]−1,

!

γ̃ = E[Γ̃n] = E[R̃][1 − r(0)]−1,

 >0!1 E[R] =
∑M

i=1 E[Ri] ! E[R̃] =
∑M

i=1 E[R̃i]�

	�1���� 8� � ��� "

� 9 9!>;" >�0 >� �!E7 F�F � �>:4"�! 0 /!��/0 0�� 9!>��5!>� .�/�  .�0/7 


��� ������ !9 9 0 ���� ; 9 !�;�4 >�9!>� 0"��/"<�30 ;  /0!>�0 �!/: 2!"��

.�/� 0 "� 0"2!/!>�!� ;�� �� � ./"9!"/ ����9!&�!8 =�! � � 0�� �� 9!>��5!>� =�!

;6!5�9 0!>�/ 0! �9 0�0 =��0/ �7 .!/9"�"0�� /!�4"J�/ /!�!/��� > ">3;" 0 

./HM"9 � � �!5�>0 ;�� 8 > 9:M"9 � 9!>��5!9 . / !���E7 G .!/9"�"0� �!/

/!�!/��0� .�/� �/�>�9"��7 !9 ;�0� =��0/ �

� >�"0!/�>0 �9� 0�0� !���E7 i8 ����9!&�! =�! � � 0�� �� 9!>��5!>� =�!

;6!5�9 0!>�/ 0! �9 0�0 .!/3 0 0! /!�!/�� �7 .!/9"�"0�� /!�4"J�/ /!�!/��� > 

">3;" 0 ./HM"9 .!/3 0 � � < !��� 6".H�!�!8  >P9!/ 0! /!�!/��� /!�4"J�0�� 0�&

/�>�!  n&G�"9 .!/3 0 0! /!�!/��8 Rn,i G "5��4 � >P9!/ 0! 9!>��5!>� ;6!5�>0 

� (n − 1)&G�"9 .!/3 0 0! /!�!/��8 An−1,i� ���"98 �9� �!J =�! {An,i; n ≥ 1} G

"�"�0� "9.4";� =�! {Rn,i; n ≥ 1} G ��9<G9 �9� �!=e!>;"� 0! ����� "�"�0�8 4 5 8 .�/�  

;�� !9 ; >�"0!/�E7 ! ; 9 <��! >�� 0!L>"EW!� 2!"��� >�� �!EW!� �>�!/" /!�8 . 0!&�!

!�;/!�!/1

E[Ri] = λiE[Tτi
],

E[R] =

M∑
i=1

E[Rn,i] = λE[Tτ ],

!

E[R̃i] = λibiE[Tτi
],

E[R̃] =
M∑
i=1

λibiE[Tτ ].

�"9"4�/9!>�!8

γi = E[Ri][1 − ri(0)]−1 = λiE[Tτi
][1 − ri(0)]−1,

`a



γ̃i = E[R̃i][1 − ri(0)]−1 = λibiE[Tτi
][1 − ri(0)]−1 = γibi,

!

γ = λE[Tτ ][1 − r(0)]−1,

γ̃ =

M∑
i=1

λibiE[Tτ ][1 − r(0)]−1.

� /!��/0 � ��4 0� n&G�"9� 9!>��5!9 >� !���E7 i8 /!./!�!>��0 . / Dn,i8 G 0!L>"0 

; 9  ">�!/��4 0!�0! � ;6!5�0� 0� 9!>��5!9 N !���E7 ��G =�! �!� P4�"9 .�; �!

�!K� ; 9.4!��9!>�! �/�>�9"�"0 � 0!��"> 8 . 0!>0 �!/ 0!; 9. �� !91

Dn,i = D
(R)
n,i + D

(S)
n,i . (F��C)

� L5�/� F�� "4���/� � 0!; 9. �"E7 0 /!��/0 � ��4 0�� 9!>��5!>��

+"5�/� F��1 �!; 9. �"E7 0 �!��/0  ��4 0�� �!>��5!>��

`�



� ./"9!"/ ; 9. >!>�!8 D
(R)
n,i 8 /!./!�!>��  ������ �� �����(� ! 0:  ">&

�!/��4 0!�0! � ;6!5�0� 0� 9!>��5!9 N !���E7 ��G =�! ��� /!�.!;�"�� /!�!/�� �!K�

!2!�"��0�� � �!5�>0 ; 9. >!>�!8 D
(S)
n,i 8 /!./!�!>��  ������ �� )��������*

! 0:  ">�!/��4 0!�0! � /!�!/�� !2!�"��0� ��G  P4�"9 .�; �! 0� 9!>��5!9 �!/

�/�>�9"�"0 � 0!��"> �

� >�"0!/�>0 � 2 /9� 0! �;!�� 0 
��� ������ 9 0 ���� ; 9 !�;�4 >�9!>� 

0"��/"<�30 ;  /0!>�0 8  /!��/0 0! /!�!/�� . 0! �!/ !�;/"� ; 9 1

D
(R)
n,i = Ln,i + T̃ AB

handshake, (F���)

 >0! Ln,i G  ���+� �� ���,���� 8 =�! 0:  ">�!/��4 0!�0! � ;6!5�0� 0� 9!>��5!9

��G  ./HM"9 .!/3 0 0! /!�!/�� 0� !���E7 ! T̃ AB
handshake G  �!9. =�! �9� 0�0�

!���E7 � >!;!��"�� .�/� /!�4"J�/ �9� ; >!M7 (G�&�� ��
������) ; 9 � !���E7 �� �

L5�/� F�� "4���/� � 0!; 9. �"E7 0 /!��/0 0! /!�!/��� ����9">0 =�! �� ;6!5�0��

+"5�/� F��1 �!; 9. �"E7 0 �!��/0 0! �!�!/�� .�/�  ;�� ��

0! 9!>��5!>� �7 �>"2 /9!9!>�! 0"��/"<�30�� 0!>�/ 0 � .!/3 0 � 0! /!�!/�� �!9&�!

=�! Ln,i8  .!/3 0 9G0" 0! 4��I>;"�8 G 0�0 . /1

E[Ln,i] =
1

2
(E[Tτi

] − 1), (F��B)

 >0! E[Tτi
] G 0�0 .!4� !=��E7 (F�a)�

���"98 � .�/�"/ 0�� !=��EW!� (F��) ! (F��B) G . ��3�!4  <�!/  /!��/0 9G0" 0!

/!�!/��8 E[D
(R)
n,i ]8 .!4� !=��E7 (F���)�

��/� �!  <�!/  ������ �� )��������* !9 !���0 !���;" >:/" 8 E[D
(S)
i ]8

./ ;!0!&�! 0� �!5�">�! 2 /9��

`C



� ./ ;!�� /!./!�!>��>0 � ;6!5�0� 0! /!�!/��� 0! �9� !���E7 i . 0! �!/ 0!�&

;/"� . / {(En,i, Γn,i); n ≥ 1} ; >2 /9! 0!L>"0 >� �!E7 F�F� � /!��/0 0! �/�>�&

9"��7 . 0! !>�7 �!/ !�;/"� ; 9 1

D
(S)
n,i = W (L)

n + W
(a)
n,i + W

(b)
n,i + Bn,i (F���)

� ./"9!"/ ; 9. >!>�!8 W
(L)
n 8 0:  �!9. 0! !�.!/� .�/� � ./"9!"/� 0!>�/! � 0��

�� 9!>��5!>� =�! �7 �/�>�9"�"0�� 0�/�>�!  n&G�"9 ;";4 �c > �! =�! � 0�� !����

9!>��5!>� 2 /�9 /!�!/��0�� .�/� �/�>�9"��7 0�/�>�!  9!�9 ;";4 0� 9!>��5!9

!9 ; >�"0!/�E7 � �! �; /0 ; 9 �� 0!L>"EW!� 0� �!E7 F�F8 !��� G � ./"9!"/� � �!/

�/�>�9"�"0� 0!>�/! �� 9!>��5!>� > n&G�"9 ��.!/5/�. 0! /!�!/��c !��� 9!>��5!9

�!/: 0!> ��0� . / U430!/V�

� �!5�>0 ; 9. >!>�!8 W
(a)
n,i 8 /!./!�!>��  �!9. � ��4 >!;!��:/" .�/� �/�>�&

9"�"/ � 0�� �� 9!>��5!>� 0�� !���EW!� 1, · · · , i − 18  � =��"� .!/�!>;!9 � 9!�9 

��.!/5/�. 0! /!�!/�� ! !��7 N 2/!>�! 0� !���E7 i8 "�� G8 �I9 /!�4"J�0 ���� /!�!/���

.�/� �/�>�9"��7 0!>�/ 0 9!�9 ;";4 0� 9!>��5!9 !9 ; >�"0!/�E7 �

� �!/;!"/ ; 9. >!>�!8 W
(b)
n,i 8 /!./!�!>��  �!9. 0! !�.!/� � 2/"0 .!4� 9!>&

��5!9 � < ; >�"0!/�E7  =��4 G 0!�"0 N �/�>�9"��7 0! � 0�� �� 9!>��5!>� =�!

!��7 �>�!� 0!4� >� !���E7 i8 "�� G8 �=�!4�� =�! �!>6�9 ;6!5�0 � �9 9!�9 

5/�. >� !���E7 i 9�� �7 �!4!;" >�0�� .�/� �/�>�9"��7 �>�!� 0� 9!>��5!9 � <

; >�"0!/�E7 �

� / L98  =��/� ; 9. >!>�!8 Bn,i8 G  �!9. 0! �/�>�9"��7 0� 9!>��5!9

; >2 /9! 0!L>"0 >� �!E7 F�F�

� L5�/� F�F "4���/� � 0!; 9. �"E7 0 /!��/0 0! �/�>�9"��7 �

*�4! /!���4��/ =�!  /!��/0 0! ./ .�5�E7 0�� 9!>��5!>� >7 !��: �!>0 4!��0 

!9 ; >�"0!/�E7 .�/�  ;:4;�4 0 /!��/0 � ��4 > 9 0!4 ./ . �� �

�!5�!&�! �5 /� ; 9 �  <�!>E7 0�� 9G0"�� !9 !���0 !���;" >:/" .�/�  � �/I�

./"9!"/ � ; 9. >!>�!� 0� !=��E7 (F���)� � 9!E�>0 ; 9 W
(L)
n 8  <�!/�! =�!  

./"9!"/ �!/9 G 0! 2�� ; 9�9 � � 0�� �� !���EW!� (���"98 ">0!.!>0!>�! 0! i)c !��!

�2	������� �	��� ������ ���
��� �� ������ ���� � ���������� �� ���� � ������'

`�



+"5�/� F�F1 �!; 9. �"E7 0 �!��/0 0! /�>�9"��7 .�/�  ;�� ��

; 9. >!>�! G �"�� �!/ !=�"��4!>�! � �!9. 0! !�.!/� !9 �9� L4� �
D�D� ?��@8

 >0!  � �!9. � 0! �/�>�9"��7 �7 ;�/�;�!/"J�0 � .!4� �!=eI>;"� {Γ̃n; n ≥ 1}8 !  

�!9. !>�/! ;6!5�0�� �7 ;�/�;�!/"J�0 � .!4� �!=eI>;"� {Tn; n ≥ 1}�

� 0!&�! !>�7 !�;/!�!/ � �!5�">�! /!4�E7 /!;�/�"�� .�/� W
(L)
n 1

W
(L)
n+1 = [W (L)

n + Γ̃n − Tn+1]
+, (F���)

 >0! [x]+ = x .�/� x ≥ 08 ! 0 .�/� x < 08 4!9</�>0 =�! Γ̃n G  >P9!/ � ��4

0! .�; �!� /!�!/��0 � 0�/�>�!  n&G�"9 .!/3 0 0! /!�!/�� 0! � 0�� �� !���EW!�

(=�!8 .�/�  ;�� !��: �!>0 ; >�"0!/�0 "5��4 � >P9!/ 0! .�; �!� =�! ;6!5�9 > 

.!/3 0 �>�!/" /)�

� /�!� ?��@ 9 ��/� =�!  ./ � ; 4 ���� ?C@ �!9 �9� !��/���/� 5!/�4 �>:4 5�

N !��/���/� 0 +���8 0!L>"0 ! �>�4"��0 . / ��<"> ?��@�

� �./ M"9�E7 2!"�� �=�" G � 0! =�! 0!>�/ 0 ; 9. /��9!>� 0 �"��!9� 
���

������ 9 0 ���� ���>0  9!;�>"�9 0! !�;�4 >�9!>� 0"��/"<�30 ;  /0!>�0 8

� �	�16	 �	 ������	 �� ���
����6	 �! ; 9. /�� 0! 9�>!"/� �"9"4�/ � ./ � ; 4 

����8  >0! � L4� > �����
� G 9�>�"0� .!4�� !���EW!� ; 9 �9� U+"4� *"/���4V8

�!>0 . /��>� �=�" 9 0!4�0 0! �; /0 ; 9  9 0!4 ./ . �� . / � /�!� ?��@�

���"98 .�/� � 9 0!4�5!9 0� . /E7 0 /!��/0 0! �/�>�9"��7 �!/: ���0  9 0!4 

./ . �� . / � /�!� ?��@ ; 9 �!5�!�

� 0! �!/ 9 ��/�0 =�! �! E[Γ̃n] < E[Tn+1]8 � �!=eI>;"� {W (L)
n ; n ≥ 1} �!9 �9�

`B



�0!=��0� 0"��/"<�"E7 0! 4"9"�!� ���"98 �"�� =�!

E[Γ̃n] = γ̃ =

M∑
i=1

λibiE[Tτi
][1 − r(0)]−1,

!

E[Tn+1] = E[Tτ ][1 − r(0)]−1,

.�/� E[Γ̃n] < E[Tn+1]8  <�I9&�!1

ρ �
M∑
i=1

λibi < 1. (F���)

 >0! ρ /!./!�!>�� � ���#� -������� � �"��!9�8 "�� G8  >P9!/ 9G0" 0! 9!>��5!>�

=�! ;6!5�9 � �"��!9� 0�/�>�!  �!9. 9G0" 0! �/�>�9"��7 0! �9� 9!>��5!9�

� < !���� ; >0"EW!�8 � 9G0"� 0! W
(L)
n !9 !���0 !���;" >:/" G 0�0 . / ?��@1

E[W (L)] =
V ar[R̃n]

2E[Tτ ](1 − ρ)
− 1

2
E[R̃n] +

1

2

E[Tτ ]−1∑
r=1

1 + ηr

1 − ηr
, (F��F)

 >0! ηr(r = 1, · · · , Tτ − 1) �7 �� (Tτ − 1) /�3J!� 0"��">��� ; 9 |ηr| < 1  <�"0�� .!4 

4"9"�! ηr = lim
ω→1−

ηr(ω)8 ; 9 ηr(ω)(r = 1, · · · , Tτ ) �!>0 �� Tτ /�3J!� 0"��">��� 0�

!=��E7 2�>;" >�4

zTτ = ωR̃∗(z) = ω
M∏
i=1

R̃∗
i (z) = ω

M∏
i=1

R∗
i [β

∗
i (z)].

�� ηr(r = 1, · · · , Tτ ) /�3J!� �7  /0!>�0�� 0! ��4 2 /9� =�! ηTτ = 1� �4G9 0"�� 8
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